Modular Invariance and Structure of the Exact Wilsonian Action of N=2
  SYM by Matone, Marco
ar
X
iv
:h
ep
-th
/9
61
02
04
v3
  2
5 
Fe
b 
19
97
DFPD96/TH/50
hep-th/9610204
Phys. Rev. Lett. 78 (1997) 1412.
MODULAR INVARIANCE AND STRUCTURE OF THE
EXACT WILSONIAN ACTION OF N=2 SYM
‡
MARCO MATONE
Department of Physics “G. Galilei” - Istituto Nazionale di Fisica Nucleare
University of Padova
Via Marzolo, 8 - 35131 Padova, Italy
matone@padova.infn.it
ABSTRACT
We construct modular invariants on MSU(2), the moduli space of quantum vacua of N =
2 SYM with gauge group SU(2). We also introduce the nonchiral function K(A, A¯) =
2αpieϕSW−ϕ/2, where eϕSW is the Seiberg–Witten metric, eϕ is the Poincare´ metric onMSU(2)
and α is a regularization scheme–dependent constant. It turns out that K(A, A¯) has all
the expected properties of the next to leading term in the Wilsonian effective action S[A, A¯]
whose modular properties are considered in the framework of the dimensional regularization.
‡Work supported by the European Commission TMR programme ERBFMRX–CT96–0045.
The exact results aboutN = 2 SUSY Yang–Mills obtained by Seiberg and Witten [1] concern
the low–energy Wilsonian effective action with at most two derivatives and four fermions. In
the SU(2) case, the u–moduli space of quantum vacua is MSU(2), the Riemann sphere with
punctures at u = ∞, u = ±Λ2. In [2] results in [1] have been derived from first principles
[3, 4]. In particular, the T 2 symmetry u(τ + 2) = u(τ), which rigorously follows from the
asymptotic analysis together with the relation [3]
u = pii(F − a∂aF/2), (1)
and the fact that
u(τ) = u(−τ¯), u(τ + 1) = −u(τ), (2)
uniquely fix the monodromy group Γ to be Γ(2). The basic observation is that, for real
values of u we have the symmetry u(τ) = u(−τ¯ ) which essentially fixes Γ. The reason is
that by (1) and Im τ > 0 (except for the singularities where Im τ = 0), u can be seen as
uniformizing coordinate. Therefore, MSU(2) ∼= H/Γ where H is the upper half plane (the
τ–moduli space; see [5]). This is equivalent to u(γ · τ) = u(τ) with γ ∈ Γ. It follows that
there are curves C in the fundamental domains in H such that for τ ∈ C one has γ · τ = −τ¯ .
This reasoning together with a proper use of u(τ +1) = −u(τ) essentially implies the results
in [2].
In [1] it has been emphasized that the metric
ds2 = Im
(
∂2aF
)
|da|2 = |∂ua|2Im
(
∂2aF
)
|du|2, (3)
is at heart of the physics. The natural framework to investigate its properties is uniformiza-
tion theory [3, 5, 2].
In this Letter we use basic geometrical structures ofMSU(2) to derive a modular invariant
quantity which fulfills all the expected properties of the next to leading term in the Abelian
Wilsonian effective action [6, 7, 8, 9].
Let us now recall the metric introduced in [5]. Let H = {w|Imw > 0} be the upper half
plane endowed with the Poincare´ metric ds2P = (Imw)
−2|dw|2. Since τ = ∂2aF is the inverse
of the map uniformizing MSU(2), it follows that the positive definite metric
ds2P =
|∂3aF|2
(Im τ)2
|da|2 = |∂uτ |
2
(Im τ)2
|du|2 = eϕ|du|2, (4)
is the Poincare´ metric onMSU(2). This implies that ϕ satisfies the Liouville equation ϕuu¯ =
eϕ/2.
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We now show that the Seiberg–Witten metric
eϕSW = |a′|2Im τ, (5)
where ′ ≡ ∂u, can be written in terms of the Poincare´ metric eϕ. To this end we first
summarize a few facts. A crucial role in the theory is played by the Picard–Fuchs equations
[10, 11]; in particular in the SU(2) case we have the (reduced) uniformizing equation [10, 3][
4(u2 − Λ4)∂2u + 1
]
ψ = 0, (6)
satisfied by aD and a, implying that
(Λ4 − G2)∂2aG +
a
4
(∂aG)3 = 0, (7)
where u = G(a). By (1) and (7) we have [5]
∂3aF =
pi2 (a∂2aF − ∂aF)3
16
[
Λ4 + pi2 (F − a∂aF/2)2
] . (8)
Furthermore, by [1]
aD = ∂aF =
√
2
pi
∫ u
Λ2
dx
√
x− u√
x2 − Λ4 , a =
√
2
pi
∫ Λ2
−Λ2
dx
√
x− u√
x2 − Λ4 , (9)
we have a(−Λ2) = −i4Λ/pi and a(Λ2) = 4Λ/pi. It follows that the initial conditions for the
second–order differential equation (7) are G(−i4Λ/pi) = −Λ2 and G(4Λ/pi) = Λ2 and by (1)
F(a) = 2i
pi
a2
∫ a
4Λ/pi
dbG(b)b−3 − pii
16
a2. (10)
Now observe that by (8)
∂uτ =
1
2piia′2(Λ4 − u2) . (11)
Since eϕ = |∂uτ |2 / (Im τ)2, we can rewrite Eq.(11) as
e−ϕ/2 = 2pi|a′|2|u2 − Λ4|Im τ. (12)
We stress that, as observed in [3] for the term |u2 − Λ4| in the uniformizing equation, also
in (12) it should be considered as a (−3/2,−3/2) differential on MSU(2). This ensures the
covariance of (12). By (5) we have
eϕSW =
e−ϕ/2
2pi|u2 − Λ4| . (13)
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Now observe that by (1) we have
a′ =
2
piia(τˆ − τ) , (14)
where τˆ = aD/a. Therefore, (12) is equivalent to
e−ϕ/2 =
8
pi
|u2 − Λ4|
|a|2|τˆ − τ |2 Im τ. (15)
In [6] it has been shown that the next to leading term which contributes to the Abelian
Wilsonian effective action S[A, A¯] is ∫ d4xd4θd4θ¯K(A, A¯) where K(A, A¯) is a modular invari-
ant real analytic function of the N = 2 U(1) vector multiplet A. Therefore, up to this order
S[A, A¯] has the form ∫ d4xd4θd4θ¯K(A, A¯)+ 1
4pi
Im (
∫
d4xd4θF(A)). In Ref.[7] De Wit, Grisaru
and Rocˇek were able to prove that asymptotically
K(A, A¯) ∼ c ln A
Λ
ln
A¯
Λ
, (16)
where c is a constant. Furthermore, the one–instanton contribution to K has been obtained
by Yung [8]. We observe that one should expect that the logarithmic singularities at u →
∞, such as the asymptotic behavior in (16), be the unique singularities in K as possible
singularities at u 6= ∞ will spoil the physical meaning of the quantum moduli space. In
particular, K should be regular where monopoles or dyons become massless (see also [8]).
Actually, it seems that the only possible way in order to not change the physical picture in
[1] is that K be vanishing at these points. Let us illustrate this aspect by recalling that as
a crucial property of the N = 2 SYM path–integral measure, there is a dual version of the
theory where the fields are the S transformed of the original ones. In particular, the dual
effective coupling constant is
τD = −1
τ
. (17)
Now observe that the Γ(2) symmetry can be also interpreted in the following way. Let us
schematically denote by I and II the original theory and its dual respectively
S · I = II. (18)
As T 2 is a symmetry of I theory, we have T 2 · I = I. On the other hand, the properties of
the N = 2 measure imply that the asymptotic analysis still holds for the dual theory II,
that is T 2 · II = II. It follows that
S−1T 2S · I = S−1T 2 · II = S−1 · II = I, (19)
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implying that besides T 2 also S−1T 2S is in the symmetry group. Repeating the steps in
(19) we generate all Γ(2), which is the symmetry group of I and of its dual version II. This
fact suggests that the higher–order terms in S[A, A¯] should have a structure such that the
asymptotic behavior (16) still holds for the dual theory II. In particular, the asymptotic
behavior τ ∼ 2i
pi
ln a is reproduced in the dual theory as τD ∼ − ipi ln aD. Since these points
are in the spectrum, it follows by (17) that τ = 0 for some u. This is the u = Λ2 point.
A similar property should still hold for the higher–order terms in S[A, A¯]. Therefore, in
order to preserve the relation S · I = II, it seems that K(a, a¯) should vanish at the puncture
u = Λ2. Furthermore, modular invariance of K together with the relation u(τ +1) = −u(τ),
implies that K is invariant under u → −u. It follows that K should vanish at u = ±Λ2.
This argument may be better formulated by requiring that the T transformation τ → τ +1,
which corresponds to a→ e−pii/2a (i.e. u→ −u), be an invariance of K, namely
K(e−pii/2A, epii/2A¯) = K(A, A¯). (20)
We now show that there is a natural choice for K(A, A¯) which fulfills all the above
conditions. Namely, we propose that
K(A, A¯) = αe
−ϕ(G(A),G(A))
|G2(A)− Λ4| , (21)
where α will be fixed using the one–instanton calculation in [8]. By (13) it follows that
K(A, A¯) can be also written in the form K(A, A¯) = 4αpi2e2ϕSW |G2(A)− Λ4| or
K(A, A¯) = 2αpieϕSW (G(A),G(A))−ϕ2 (G(A),G(A)). (22)
In the following we will show that the solution (21) has the following properties
1. It is modular invariant.
2. Asymptotically K(A, A¯) ∼ 2α lnA/Λ ln A¯/Λ.
3. The above is the unique singularity of K.
4. The zeroes of K are precisely at the punctures.
5. Besides the logarithmic terms the asymptotic expansion of K(A, A¯) contains terms like
(A/Λ)−4j(A¯/Λ)−4k as expected from the instanton contributions (see also [8]).
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We now make a few remarks concerning point 1. Strictly speaking, a function G(A, A¯) is
said to be modular invariant if G(γ ·A, γ ·A¯) = G(A, A¯), γ ∈ SL(2,Z). The function K(A, A¯)
has the invariance T ◦ K(A, A¯) = K(A, A¯) and S ◦ K(A, A¯) = K(A, A¯). Whereas in the first
case there is not any change in the functional structure of K, in the case of the S–action one
has S ◦ K(A, A¯) = KD(AD, A¯D) [6]. A similar situation arises in the case of u = G(a). Since
under a SL(2,C) transformation F(a) and aaD/2 have the same transformation properties,
it follows that under SL(2,C) one has G˜(a˜) = G(a). However, observe that the T–action
τ → τ˜ = τ + 1 is generated by a phase change of a. In particular, under a → a˜ = epiin/2a,
we have F(a˜) = epiinF(a)− epiinna2/2, a˜D = ∂a˜F(a˜) = epiin/2aD − nepiin/2a, τ → τ˜ = τ − n.
Concerning the S–action we have GD(aD) = S ◦ G(a) = G(a). Therefore, since K(A, A¯) in
(21) is expressed in terms of G(A) and G(A), it follows that KD(AD, A¯D) = K(A, A¯) as it
should be [6]. Under the transformation a → a˜ = e−pii/2a, corresponding to the T–action
τ → τ˜ = τ+1, we have G(a˜) = −G(a) = −G˜(a˜). On the other hand, by the Z2 automorphism
ofMSU(2), we have eϕ(−u,−u¯) = eϕ(u,u¯), so that by (21) K satisfies Eq.(20). Finally, we observe
that by the Γ(2) symmetry G(γ · A) = G(A), we have K(γ · A, γ · A¯) = K(A, A¯).
In order to consider point 2. we first write down the asymptotic expansions
F = a2
[
i
pi
ln
a
Λ
+
∞∑
k=0
Fk
(
a
Λ
)−4k]
, (23)
τ =
2i
pi
ln
a
Λ
+
3i
pi
+
∞∑
k=0
Fk(1− 4k)(2− 4k)
(
a
Λ
)−4k
. (24)
By (1) and (23) it follows that the asymptotic expansion for u = G(a) is
G(a) = a2
∞∑
k=0
Gk
(
a
Λ
)−4k
, G0 = 1
2
, (25)
where Gk = 2piikFk, for k > 0. Concerning the instanton contributions Fk, k > 0, these are
determined by the recursion relations [3]
Gn+1 = 1
8G20(n + 1)2
·
·
(2n− 1)(4n− 1)Gn + 2 n−1∑
j=0
Gn−j
Gj+1G0c(j, n)− j+1∑
k=0
Gj+1−kGkd(j, k, n)
 , n ≥ 0, (26)
where c(j, n) = 2j(n− j − 1) + n− 1, d(j, k, n) = [2(n− j)− 1][2n− 3j − 1+ 2k(j − k+1)].
To evaluate F0 we observe that for u → ∞, Eq.(9) yields aD ∼ ipi
√
2u(ln u/Λ2 + ln 8/e2),
whose a term is, by (25), i
pi
a ln 4/e2Λ2. Comparing with the a term i
pi
a(ln e/Λ2 − 2piiF0) in
the asymptotic expansion of aD which follows by (23), we obtain F0 = i2pi ln 4/e3.
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By (15) and (21), we can rewrite K(A, A¯) in the form
K(A, A¯) = 64α
pi2
|G2(A)− Λ4|(Im τ(A))2
|A|4|τˆ(A)− τ(A)|4 . (27)
Therefore, by (23)(24)(25) and (27) we have the asymptotic expansion
K(A, A¯) = 64α
pi2
 1pi ln AΛ A¯Λ + 3pi + 12i
∞∑
k=0
Fk(1− 4k)(2− 4k)
(A
Λ
)−4k
+
(
A¯
Λ
)−4k
2
·
·
∣∣∣∣∣
[∑∞
k=0 Gk
(
A
Λ
)−4k]2 − (A
Λ
)−4∣∣∣∣∣∣∣∣∣2ipi +∑∞k=0Fk4k(4k − 2) (AΛ)−4k
∣∣∣∣4 . (28)
Extracting the leading term we get
K(A, A¯) ∼ 2α ln A
Λ
ln
A¯
Λ
, (29)
which reproduces the expected behavior.
Let us now consider point 3. above. To show that e
−ϕ
|u2−Λ4|
has not other divergences
outside u =∞, it is useful to consider the form
K(a, a¯) = 4αpi2|a′|4|u2 − Λ4|(Im τ)2, (30)
and to notice that by (9), a′(u) is logarithmically divergent for u → ±Λ2. Therefore, by
(30) K vanishes at u = ±Λ2. It follows that K is everywhere finite except that for the
asymptotic divergence (28). Furthermore, since the only zeros of the Poincare´ metric eϕ are
at the puncture at u =∞, where ϕ ∼ −2 ln(|u| ln |u|), whereas the unique divergences come
from the punctures at u = ±Λ2, where ϕ ∼ −2 ln(|u∓Λ2| ln |u∓Λ2|), it follows that K(a, a¯)
has zeros at a = −i4Λ/pi, a = 4Λ/pi (and their Γ(2) transformed). Finally, note that point
5. follows explicitly from the asymptotic expansion (28).
Let us comment on the possible higher–order terms in S. According to [6], besides K,
the possible higher–order terms do not seem to be modular invariants. On the other hand,
as u(γ · τ) = u(τ), γ ∈ Γ(2), possible non invariant terms should imply that at the same
point of the moduli space of quantum vacua MSU(2) there are inequivalent theories. This
would break the highly symmetric structure coming from the lower–order part of the action.
In this context one should investigate whether the nice observation in [9] that the S duality
transformation extends to the full effective action, implies that actually the higher–order
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terms in S are modular invariants. In order to better illustrate this point, we consider
the following decomposition S[A, A¯] = Ŝ[A, A¯] + 1
4pi
Im (
∫
d4xd4θF(A)). From the definition
given in [6], it follows that Ŝ[A, A¯] is T invariant. This happens also for the T–action on
the higher–order part of the dual theory ŜD[AD, A¯D]. So that, the fact that S2 = I and
(ST )3 = I, indicates that ŜD[AD, A¯D] = Ŝ[A, A¯]. On the other hand, it was argued in [6]
that only K is modular invariant. We consider two possibilities to further investigate this
aspect. The first one is that there are not higher–order terms in S besides K. This would
imply that
S[A, A¯] = 2αpi
∫
d4xd4θd4θ¯eϕSW (G(A),G(A))−
ϕ
2
(G(A),G(A)) +
1
4pi
Im
(∫
d4xd4θF(A)
)
. (31)
Another possibility is that the terms coming from the action of δ/δAD on the dual prepo-
tential, and which break modular invariance (see [6] for details), are actually vanishing. In
particular, whereas when all functional derivatives act on the exponentiated dual prepoten-
tial there is not any breaking of modular invariance, the other contributions have the effect
of modifying the structure of Ŝ[A, A¯]. In other words, forgetting the functional derivative in
the right-hand side (rhs) of
in
δn
δAnD
exp
[
−i
∫
d4xd4θFD(AD)
]
= exp
[
−i
∫
d4xd4θFD(AD)
](
A+ i
δ
δAD
)n−1
A,
would imply that Ŝ is modular invariant. On the other hand, because of the functional
derivative in the rhs, the above expression contains “δ(0)” terms. A possible way to take
care of these infinities is to use dimensional regularization where, as well known, the “δ(0)”
terms vanish for dimensional reasons (see for example [12]).
Let us now fix the constant α. To this end we use the one–instanton calculation in [8]
KI(A, A¯) = 1
32pi2
(
A
Λ
)−4
ln
A
Λ
A¯
Λ
+ c.c., (32)
whose coefficient is 1/4 that in [8]. This is a consequence of the fact that our Λ is
√
2
times the scale considered in [8] where the Pauli–Villars regularization scheme was chosen.
By (28) the coefficient of the (A/Λ)−4 ln A
Λ
A¯
Λ
term in the asymptotic expansion of K(A, A¯)
is 2α {−3piiF1 + (3− 2piiF0) [2(G1 − 1) + 8piiF1]} = −2α
(
3
8
+ ln 2
)
, where we used the fact
that G0 = 1/2, F0 = i2pi ln 4/e3 and G1 = 2piiF1 = 1/4. Comparing −2α
(
3
8
+ ln 2
)
with the
coefficient in (32) we obtain
α = − 1
8(3 + 8 ln 2)pi2
. (33)
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An interesting point concerning the structure of the logarithmic terms in (28) is that
besides ln(A/Λ) ln(A¯/Λ) and [(A/Λ)−4 + (A¯/Λ)−4)] ln(AA¯/Λ2), considered in [7, 8], there
are the terms ln2A/Λ and ln2 A¯/Λ. The fact that these should appear in the asymptotic
expansion of K can be also seen by a simple modular invariance argument. Namely, whereas
(A/Λ)−4 ln(AA¯/Λ2) is invariant under A→ e−pii/2A, we have 2 ln(e−pii/2A/Λ) ln(epii/2A¯/Λ) =
2 ln(A/Λ) ln(A¯/Λ)+pii(lnA/Λ−ln A¯/Λ)+pi2/2, so that in order to satisfy (20) one needs more
logarithmic terms. It is easy to see that these should be of the form (ln2A/Λ+ln2 A¯/Λ). We
observe that (28) also passes this test. We also note that once one makes the natural choice of
using (Im τ)2 to reproduce both ln A
Λ
A¯
Λ
and ln2 A
Λ
A¯
Λ
, then modular invariance essentially fixes
K. In this context it is crucial that |A|−4|τˆ − τ |−4 has the same transformation properties of
(Im τ)2 and, as requested by (16) and (32), cancels the global |A|4 factor in the asymptotic
expansion of |G2(A)− Λ4| (see (28)).
In conclusion, we observe that similar investigations can be extended to more general
cases. For example, in the SU(3) case the uniformization of the quantum moduli space has
been considered in [13]. Also, some consequences concerning the Wilsonian renormalization
group equation should be further investigated [14][15].
It is a pleasure to thank D. Bellisai, G. Bonelli, F. Fucito, P.A. Marchetti, M. Tonin and
G. Travaglini for discussions.
References
[1] N. Seiberg and E. Witten, Nucl. Phys. B426 (1994) 19.
[2] G. Bonelli, M. Matone and M. Tonin, hep-th/9610026.
[3] M. Matone, Phys. Lett. 357B (1995) 342.
[4] N. Dorey, V. Khoze and M. Mattis, Phys. Rev. D54 (1996) 2921; F. Fucito and G.
Travaglini, Phys. Rev. D55 (1997) 1099; N. Dorey, V. Khoze and M. Mattis, Phys.
Lett. B390 (1997) 205; P.S. Howe and P. West, hep-th/9607239.
[5] M. Matone, Phys. Rev. D53 (1996) 7354.
[6] M. Henningson, Nucl. Phys. B458 (1996) 445.
[7] B. de Wit, M.T. Grisaru and M. Rocˇek, Phys. Lett. 374B (1996) 296.
8
[8] A. Yung, hep-th/9605096.
[9] C. Ford and I. Sachs, Phys. Lett. 362B (1995) 88.
[10] A. Klemm, W. Lerche and S. Theisen, Int. Jour. Mod. Phys. A11 (1996) 1929.
[11] A. Ceresole, R. D’Auria and S. Ferrara, Phys. Lett. 339B (1994) 71; K. Ito and N.
Sasakura, Phys. Lett. 382B (1996) 95; J.M. Isidro, A. Mukherjee, J.P. Nunes and H.J.
Schnitzer, hep-th/9609116; M. Alishahiha, hep-th/9609157.
[12] J.C. Collins, Renormalization: An Introduction to Renormalization, The Renormaliza-
tion Group, and The Operator–Product Expansion (Cambridge University Press, Cam-
bridge, 1985).
[13] G. Bonelli and M. Matone, Phys. Rev. Lett. 77 (1996) 4712.
[14] G. Bonelli and M. Matone, Phys. Rev. Lett. 76 (1996) 4107.
[15] E. D’Hoker, I.M. Krichever and D.H. Phong, hep-th/9610156.
9
